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Abstract 

Using a 5D N=l supersymmetric toy-model compactified on S\j{Zi x Z' 2 ), with a "brane- 
localised" superpotential, it is shown that higher (dimension) derivative operators are gen- 
erated as one-loop counterterms to the (mass) 2 of the zero-mode scalar field, to ensure the 
quantum consistency of the model. Such operators are just a result of the compactification 
and integration of the bulk modes. They are relevant for the UV momentum scale dependence 
of the (mass) 2 of the zero-mode scalar field, regarded as a Higgs field in more realistic models. 
While suppressed for a small compactification radius R, these operators can affect the predic- 
tive power of models with a large value for R. A general method is also provided for a careful 
evaluation of infinite sums of 4D divergent loop-integrals (of Feynman diagrams) present in 
field theory orbifolds. With minimal changes, this method can be applied to specific orbifold 
models for a simple evaluation of their radiative corrections and the overall divergences. 
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1 Introduction 



The physics of extra dimensions received a renewed interest in the context of field theory orbifolds 
which attempt to derive SM-like models (or super symmetric versions) from compactifications of a 
higher dimensional theory (see for example refs.[T]-[TT]). In this work we consider a rather simple 
5D model compactified on S±/(Z2 xZ 2 ) to illustrate further quantum effects, so far neglected. 

The motivations of this study are described in the following. In the context of an orbifold 
compactification of a 5D model, a natural question to ask is whether higher dimension operators 
are important at one loop (assuming they were not introduced in the tree level action). The study 
of higher dimensional operators is important for they can affect the predictive power of the model 
by introducing additional parameters in the theory. This may be particularly relevant in models 
with a low compactification scale. For renormalisable theories, if they are not added at the tree 
level, they will not be generated as counterterms by radiative corrections. However, in higher 
dimensional (non-renormalisable) models such as that considered here this is not true. In some 
cases higher dimensional (derivative) operators are radiatively generated as one-loop counterterms 
to the couplings or masses of the model, see for example the case of gauge couplings ^2], |JHj in 
two-dimensional compactifications. While their presence there was related to the two-dimensional 
nature of the compactification, we shall see that the same technical reason which generated them 
at one-loop 1 is at work even in the case of simpler, one-dimensional orbifolds. 

A second motivation is to provide in an orbifold model an Wilsonian picture for the depen- 
dence on the high (UV) scale of the radiative corrections (induced by the Kaluza-Klein (KK) 
modes) to the couplings or masses of the theory. This is done in a way which keeps manifest 
symmetries generic in this class of models (gauge, etc) (for a discussion of symmetries, anomalies 
and regularisation issues in field theory orbifolds see |14j-jl8|). The technique we employ can be 
applied whenever one must sum infinitely many KK contributions from 4D divergent Feynman 
diagrams and only requires a DR regulator e (e — > 0) for the associated loop-integrals. To find the 
scale dependence of the radiative corrections in the DR scheme one must evaluate the relevant 
loop diagrams for non- vanishing external momentum (q 2 ). Usually one takes q 2 = since the 
external momentum is much smaller than the mass of the KK modes in the loop. In general 
this is appropriate for a high compactification scale, but in this work we keep 1/R arbitrary. 
Moreover, at q 2 = additional would-be divergences of radiative corrections (such as for example 
q 2n R 2n ~ 2 /e for a one-loop corrected (mass) 2 ), induced by multiple sums over the KK modes, 
cannot be "seen" 2 . With these remarks, the momentum scale q 2 is regarded as the physical scale 
of the Wilsonian picture of the theory. As an example, we shall consider a brane-localised super- 
potential in a minimal 5D N=l supersymmetric model compactified on S 1 / (Z2X Z 2 ) and consider 
the one- loop effect on the (mass) 2 of a KK zero-mode scalar field (hereafter denoted 4>Hfl)- We 
thus address the dependence of this (mass) 2 on the momentum scale q 2 to gain information on the 

1 This was due to the levels degeneracy and the presence of two Kaluza-Klein sums acting on the loop integral |1M) . 
2 Such divergences can be due to higher derivative operators, see discussion below. 



2 



UV regime of the model. Our findings are relevant for field theory orbifold models with similar 
compactifications pQ, where our zero- mode scalar field 4>h,o is usually identified with a 

Higgs field. In such models m^ Ho (0) ~ 1/-R 2 , with implications for phenomenology [T]-|ll|. Here 
we compute rn^ H {q 2 ) and its dependence under the (UV) scaling of q 2 . Such dependence cannot 
be supplied by string or field theory calculations of the loop expansion of the corresponding scalar 
potential (derived at q 2 = of the external legs) with tree level (fixed) values of the couplings. 

Another motivation is to clarify the exact link between higher derivative operators (HDO) 
on orbifolds and the 5D nature of the initial theory. As we shall see shortly, it turns out that 
the presence of HDO is strictly related to the infinite Kaluza-Klein sums associated with the 
initial 5D theory. Therefore, the existence of HDO is just an effect of compactification of a higher 
dimensional theory which - although supersymmetric - is nevertheless non-renormalisable, and this 
is an interesting finding. It is useful to note the connection of such aspects of compactification 
to dimensional crossover, coarse graining and non-perturbative effects, largely studied in the 
context of Ising-like systems • Such a point of view can provide a rich insight into an orbifold 
compactification, the dependence of the couplings or masses on q 2 and the decoupling of infinitely 
many states, while varying q 2 relative to 1/R 2 . 

Finally we outline a generalisation of the method used in the example below for computing 
radiative corrections in field theory orbifolds. The method carefully evaluates the infinite sums of 
divergent loop integrals of the corrections, applies for a very general Kaluza-Klein mass spectrum 
and is presented in Appendix|0 We hope this will help the careful study of more realistic models. 

2 Higher derivative operators as one-loop counterterms. 

To illustrate these ideas we consider the one- loop corrected (mass) 2 of a (zero-mode) scalar field, 
in a 5D N=l supersymmetric toy-model with hypermultiplet fields compactified on Sx/(Z2XZ 2 ). 
Here S% has radius R and we have the identification x§ — > 25 + 2ttR. Under Z2 : X5 — ► — x$, 
while under Z 2 : X5 — * — X5 + irR. An N=2 hypermultiplet decomposes into two four-dimensional 
N=l chiral superfields M and M c of components M = {(^m-i^m) an d M c = ^m), with 
opposite quantum numbers. We also assume the index M runs over the superfields Q, U, D, L, E. 
Their parities are fixed such as their (component) fermion fields are massless zero-modes fields, as 
one would like in a realistic model aimed at reproducing the low-energy SM "massless" fermionic 
spectrum. This is made possible with the parities assignment in the table below. The analysis 
can be extended to three families of fields, as any realistic model would require. Further, an 
extra hypermultiplet is introduced, of N=l components H = (4>h,iPh) an d H c = {(jf H , ipjj) whose 
Z' 2 parity is chosen opposite to that of the fields M. Such (allowed) choice ensures that the 
massless zero-mode is now a scalar rather than a fermion. In a more detailed model [2] this scalar 
may be identified with the usual Higgs boson of the SM. This different parity choice under Z 2 
distinguishes between the two types of hypermultiplets on Si/(Z2xZ 2 ). The (Z2, Z' 2 ) parities and 
the KK masses are then 
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The next step would be to introduce vector multiplets and the corresponding gauge interactions 3 . 
However, we will not do so, and restrict the spectrum to the matter content given above. Although 
this assumption is not phenomenologically viable, it is appropriate to illustrate the main point of 
this work. Further, the interaction that we consider is 



L 



dx?, - 



S(x 5 ) + 5(x 5 - ttR) d 2 eXQUH + h.c. 



(2) 



-3/2 



Note that all fields Q, U, H in © are bulk fields (have associated KK modes). Here A ~ (mass) 
and the fields have dimension (mass) 3 / 2 . This minimal interaction is very common in 5D exten- 
sions of the SM (see for example [3], [7]), with important implications for phenomenology 4 , and 
this motivates its further analysis. One may include additional Yukawa interactions at the other 
fixed points of the orbifold (±ttR/2). Such interactions can involve fields Q, D, H or L, E, H (with 
4>M — ► 4> C m)- A detailed analysis should also consider overlapping effects of the two types of fixed 
points and associated interactions, since only then would the "global" structure of 51/(^2X^2) 
be seen. This involves however higher loop calculations and is beyond the purpose of this paper. 
For simplicity the discussion below is restricted to the interaction given in (J2J). 

Our purpose is to compute the dependence of the one-loop correction to the (mass) 2 of the zero- 
mode scalar 4>h,o of H, on the (Euclidean) external momentum q 2 in the corresponding Feynman 
diagrams induced by interaction (jJJ). Previous calculations of one- loop corrected (mass) 2 in 5D 
orbifold models were restricted to q 2 = when they simplify considerably. Further, it is usually 
thought that, to investigate the leading UV behaviour of the scalar field mass in 5D orbifolds, it is 
sufficient to consider m^ H0 (0). However, in general in a non-renormalisable model with infinitely 
many states in the loop, this picture is incomplete and new effects emerge, as we shall see shortly. 

After expanding interaction © in component fields 5 and Fourier (Kaluza-Klein) modes corre- 
sponding to X5, one has three one-loop Feynman diagrams for the two-point Green function with 
the zero-mode scalar 4>h,o as external legs. The first has two vertices, with both <pQ m and <j>jj^ 
in the loop, coupling together to 4>h,q (and a similar contribution with Q <r^U). In addition to 

3 If included, with this hypermultiplet content, a quadratic divergence exists due to Fayet-Iliopoulos term I20|. 
4 This minimal model may also be recovered in the formal limit of vanishing gauge couplings of the model in 0. 
5 See ref.|21). For interaction @ in full component form (onshell) see for example 0, also 0- 
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this there is a one-vertex diagram with only (f>n k in the loop, which couples to 4>h,o (a similar 
contribution with 4>u,k)- For the fermionic contribution there is a diagram with both ipu,k an d 
ipQ, m in the loop, coupling together to 4>h,o- After evaluating these one-loop contributions in the 
DR scheme, one finds (up to an overall colour factor, not written explicitly) the following formulae 
for the bosonic (B) and fermionic (J-) effects to the mass rn^ H of the zero-mode scalar 4>h,o 
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Here d = 4 — e, with e— >0 the DR regulator of the momentum integrals, and \i is the usual finite, 
non-zero mass scale that dimension regularisation introduces, ft is the 4D coupling, related to A by 
A = (irR) 3 / 2 f t . Further, i] 2 ^ = rj^ p = 1 for the bosonic sector and t/q^ = 1/2, rj^^ = 1, {k > 1) 
for fermions. These are wavefunction coefficients which take account of different normalisation of 
the zero-mode fields. From the table of parities one has 
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This mass spectrum is special in that it allows one to re- write the one-loop correction in (j3J) as sums 
over the whole set Z of integers 6 and this simplifies our calculation considerably. Appendix O 
extends the calculation of © to a more general KK mass spectrum than that in ©, (which 
takes account of potential mass shifts induced by levels mixing if present), and with important 
changes for the overall divergences of m ( f )HQ . To see the difference, compare eq.(j3J) with (J3J against 
eqs. (|C-ll|) . (|C-13|I with (|C-2j) in AppendixO Further, from eqs.((Sl), and Appendix|A]one has 
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(6) 



6 We use E fcl >oK( fe i + V2) 2 ) = IEt 1 ez' 1 (( fcl + 1 / 2 ) 2 ) and E fel > = I E fcl ez - h is an 

arbitrary function; this step is possible if Kaluza- Klein masses have special values fi). but n °t f° r those in l|C-2(l . 
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with the notations k 6 = (2tvR /u) e and 

ro ° dt 
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(7) 



The functions are evaluated in Appendix [B] The total one-loop correction to the mass 
fn\ H (q 2 ) is the sum of the two contributions in ©, ©. Note that only J% contributes to 
m 2 ifl . o (0), and this may be seen by formally setting q 2 = in the second line of © and (JfjJ). 

The quantities J\ and ^2 have each a divergent and a finite part. Let us first discuss their 
divergent part which contributes to m^ H0 . Even though in J7i 2 one sums over the whole set Z of 
integers, and no finite set of levels (i.e. modes) is excluded from their infinite sums, their integrals 
are still UV divergent (i.e. at t — > 0). One shows that J\ and J 2 have the behaviour 
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(8) 



Although the divergences in J7i and ,J 2 depend on c ~ q 2 R 2 , they are independent of the coeffi- 
cients ci and C2 which here are fixed to and 1/2 by the initial orbifold parity conditions on the 
5D fields. Note the divergences of J7i ; 2 are only "seen" for non-zero 7 c ~ q 2 R 2 . 

Let us consider now the finite part of J\^ 2 . For simplicity we consider the case cCl respected 
under the sufficient assumption q 2 <^1/ R 2 . Eq. (jB-4|) in Appendix iBl gives, ignoring O(c) terms 
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7 If either ci,2 are non-integers ^1,2 are well denned even for c = 0; then the divergences of J7i,2 are not "seen". 
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where again 0(c) terms were neglected. For results without the restriction cCl see Appendix IBl 
The divergences in J\ and J 2 in the last two sets of equations are in agreement with the general 
case of (JKJ) which does not have the restriction cCl. Eqs. (JSJ, © give the total contribution 
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Note the presence of the factor q 2 R 2 in front of the last integral. Therefore, if one studies only 
m| fe o(0) the second line in (|11|) is absent. Further, if c ~ q 2 R 2 <C 1 the finite contributions from 
each J71 are suppressed, but the first term (divergent) in each J\ in ©, must be included in (fTTj) . 
Alternatively, one can use J\ of eq.Q and with J 2 to order 0(c 2 ) derived from Appendix IBl or 
more generally, the full expressions given there. 

The divergence of J 2 in (|TT7|) or more generally cancels out in wi| because ^[0,0, c] 
and ^[1/2, 1/2, c] have equal coefficient in ea. (|ll|) . This cancellation is ensured by the equal 
number of bosonic and fermionic degrees of freedom, a remnant of initial 5D supersymmetry; in 
this c 2 ~ q^R 4 plays a regularisation role. For q 2 — >0 the one-loop finite contribution m^ H (0) is 
due to J2 only and the result agrees numerically with that in |Hj for a vanishing gauge coupling. 
More generally, from ea. (|llj) 



™l H ,M 2 ) = -Lo(o) - |r \ « 4r2 + ^ o{q 2 R 2 ) (12) 



with m 2 ^ Ho (0) given by the first line in (|11|) with replacements 8 (|10j) . Note that the above diver- 
gence q 4 R 2 /e due to J^x's is of similar form to that cancelled by supersymmetry in the difference 
^[0,0, c] — J 2 [l/2, 1/2, c] in eq.JTTJ) (see the terms in eas. (fTU|) proportional to c 2 /e ~ q A R 2 /e). 
One notices the presence of a power four of the momentum scale in the contribution in (|12|) . 
The emergence of the divergence in (|12[1 shows that higher (dimension) derivative operators are 
required as one-loop counterterms for m 2 , (q 2 ). The one-loop counterterm is 9 a "brane" N=l 



interaction 



H,0 1 

10 



J d i xdx 5 J d 2 ed 2 6 5(x 5 )X 2 H^aH ~f 2 J d 4 xR 2 J2 A,rP^H,p ~ ft fex R 2 4 i0 n 2 ^,o + - 

n,p>0 

(14) 

s The series of L13 in ea. dllH due to J^s in 1101 can be integrated analytically, using 1221 (Corollary 5.8 for n=l). 
9 In jHH , l|14fl the mass dimension of the superfields H, H c is 3/2. 

10 One could also think of a N=2 "bulk" counterterm to generate q 4 R 2 /e required in il l _> 



(fx dx 5 J d A 9d z 9 Bf yW UH + H □ iT J ~ J (fx R (f> J H0 □ 4> H ,o + ■■■ (13) 
but this is not possible since the H c dependent term is not generated, (H c has no Yukawa coupling, see eq. ) ■ 
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where we used that A 2 = (vri?) 3 f 2 . This interaction recovers in momentum space the one- loop 
correction in eq. ([12)1 . If the compactification scale 1/R is high the suppression of the counterterm 
is important, below this scale the model is essentially four-dimensional and Q (q 2 <C 1/-R 2 ) ~ 
m 2 bH o (0) ~ 1/R 2 . However, this behaviour changes significantly for models with a "large" radius R 
or wheng 2 i? 2 >l. The presence of a higher derivative operator with an arbitrary (finite) coefficient 
is relevant for physics at q 2 >l/R 2 and can be regarded as an effect of the non-renormalisability of 
the initial 5D theory. It can also affect the predictive power of such models. Finally, Tni (q 12 ) — 
m 2 bHQ {q 2 ) can easily be evaluated using of eqs.©, (flfl|) or their generalisations (|B-1|) . (|B-5|) . 
to provide the behaviour of the (mass) 2 under UV scaling of the momenta, with applications to 
phenomenology. 

The pole in Q12j) due to J\ is just a result of compactification: it would not be present if we 
included only a fixed, finite number of levels, even if this were done such as to respect their (N=2) 
multiplet structure. To see this consider the situation when the sums over the Kaluza-Klein levels 
which enter J\ [1/2, 1/2, c] and ^[0, 0, c] are restricted to a finite number of modes, hereafter 
called Si and s[ with i = 1,2. The equivalent of J\ defined in and present in Q, © is then 

^(2 S ;-1)(24-1)+O(e )(15) 

Therefore if the KK towers were restricted to a finite level the divergences in J* are independent 
of c ~ q 2 R 2 which was not the case of J\ in eq.®. This shows that the limits Si—> oc (or s[ — ►co) 
and e— >0 of J* do not commute and lead to different divergences 11 . From eqs.©, ©, ©> 0) 
(fT5|) we find the contribution of J* to rn^ H (q 2 ) 

x(x - 1)J{[0, 0, c] - (1 - x) 2 .7 1 *[l/2, 1/2, c] + O(e ) 
((2^ - 1)(2 S ' 2 - 1) + 8s lS2 ) + O(e ) (16) 

The divergence q 4 R 2 /e in eq.(|12|) has changed into q 2 / e, eq. ()16|) in the case of including only a finite 
number of modes in each J\. The latter divergence is the expected wavefunction renormalisation 
of the chiral superfield of the zero-mode scalar. Therefore the presence of higher dimension 
(derivative) operators responsible for q 4 R 2 /e is a consequence of summing over infinitely many 
"though their finite part is the same in the continuum limit, when an extra divergence in Si also emerges in I15|l . 
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modes 12 (or "large enough" a number) and thus of the compactification of the initial 5D theory. 

3 Further Remarks and Conclusions. 

In a minimal 5D N=l supersymmetric model compactified on S'l/f^xZ^) with a brane-localised 
superpotential it was shown that higher derivative operators emerge as one-loop counterterms 
to the mass of the zero- mode scalar field. This finding is relevant for more realistic orbifold 
models PQ-^^, where this scalar field is usually identified with the Higgs boson, and our technical 
results can easily be used in such models. It was shown that the emergence of such operators 
as counterterms is a direct effect of compactification, i.e. of the integration of infinitely many 
modes of the initial theory. The presence of such counterterms is not surprising in the end, if 
we remember that the 5D theory although supersymmetric, is nevertheless non-renormalisable, 
but such effect was so far overlooked. The result was obtained using a DR regularisation scheme 
for the 4D momentum integrals. While suppressed at low scales q 2 <C 1/-R 2 , where the theory 
is essentially four dimensional, the operators play an increasingly important role as we scale the 
momentum q 2 to UV values q 2 S> 1/R 2 . Our results can also be used to investigate m 2 j >HQ {q 2 ) 
behaviour at q 2 ~ 1/R 2 and under the UV scaling of q 2 . Such operators may also appear in a 
similar way in the one-loop corrected Yukawa coupling. The situation is similar to the case of 
radiative corrections to the gauge couplings in models with two compact dimensions, where higher 
derivative operators emerge as one- loop counterterms in a very similar way |13j . 

A natural question is whether such operators can be generated for other one dimensional 
orbifolds. This depends on the orbifold type and the interaction considered. The technical rea- 
son for their presence in S\/ Z' 2 ) was the (degeneracy of the levels due to the) existence 
of two Kaluza-Klein sums in the one-loop two-point Green function. This is in turn due to the 
brane-localisation of interaction (J2J with all fields living in the "bulk" . In momentum space, with 
external legs of the diagrams fixed to zero-level (<f>Ho)i this lead to two Kaluza-Klein sums in front 
of the loop- integral of the correction to the (mass) 2 ; their evaluation generated the higher deriva- 
tive operators. Similar arguments apply if one considered the same brane-localised interaction in 
S1/Z2 orbifolds and then higher derivative operators may emerge as one- loop counterterms to the 
mass of the zero-mode scalar. However, if the brane-localised interaction (J2J) had only one "bulk" 
field, with the other two genuine 4D "brane" fields, overall only one Kaluza-Klein sum would be 
present in the correction to the mass of a (brane) scalar field. In that case such operators are not 
generated at one-loop, but at higher loops they can be present. This last observation also applies 
to a bulk interaction rather than the brane-localised interaction discussed above. 

There is another, simpler way to understand these statements, based on purely dimensional 
arguments applied to the localised interaction A Q U H of (j2J) and the general form of the localised 

12 An observation is in place here: one may argue that in general radiative corrections from massive modes "wind- 
ing" around compact dimension(s) can only induce finite loop corrections. This argument ignores the degeneracy 
of the modes and thus is not always correct (this is the case where we have two (infinite) Kaluza-Klein sums). 
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counterterm (X 2 ) n H^OH of l|14|l. where we used that the latter must not depend on R. If all 
these fields are bulk fields, A has mass dimension [A] = —3/2 giving n = 1 i.e. the counterterm 
appears at one-loop, in agreement with the findings of the paper and with ea. Q14JI . However, 
if the interaction has two genuine brane fields and one bulk field, [A] = —1/2. Then the local 
counterterm giving q 4 dependence has, if H is a brane field, n = 2, thus it is generated at the 
two-loop level, as already argued above. If H is a bulk field instead, dimensional arguments give 
that n = 3, thus such counterterm arises at three-loop only. Similar considerations can be made 
for the bulk interactions using that the gauge coupling also has mass dimension —1/2. These 
observations can be used when building higher dimensional models, to assess the importance and 
avoid the presence of higher derivative operators (counterterms) at small number of loops. 

Such operators are relevant for phenomenology. The presence of higher derivative operators 
with arbitrary coefficients which are new parameters in the theory (depending on its UV comple- 
tion) may affect the predictive power of the models, particularly if the compactification scale is 
small. This can be important for the phenomenology of 5D orbifold models with a large extra- 
dimension, although only a mo del- by- mo del study can provide a definite answer to the importance 
of the effects of such operators. 

The above analysis only discussed the case of a "local" interaction at one fixed point of the 
orbifold S\j[Z%y,Z'^). However, the "global" structure of the orbifold can involve additional 
interactions (at the other fixed points), not considered here. Such "global" structure can only be 
seen by studying "overlapping" interactions originating from different fixed points, and that may 
reveal new effects. This involves calculations beyond one-loop order and is beyond the purpose 
of this work. 

Finally, since field theory orbifolds are now extensively used for model building, we provided in 
Appendix C a generalisation of the method used in the text for computing series of divergent loop- 
integrals of the radiative corrections generic in orbifold compactifications. The method applies for 
a more general Kaluza-Klein spectrum than that used in the text 13 . The approach pays special 
attention to regularisation subtleties within a DR scheme for the momentum integrals, to show a 
far richer set of divergences than that of the specific example discussed above. We hope this will 
help a careful investigation of more realistic models. 
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See for example the spectrum in ea. l|C-20 in the Appendix and compare against that in eq.Q. 
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Appendix 

A One-loop Integrals in DR. 

Calculations in DR (see for example [25]) give that (d = 4 — e, e — > 0) 



/C 2 = 



/c. 



d a p 








(ATT) 


( ( n _l_ 2 


+ m 2 ){p +m l ) 


(47r)2 


d d p 




1 


1 


(2vr) d 


(0 + g) 2 


+ w |)(p 2 + m 2 ) 


(4tt)3 


d d p 






1 


(27r) d 


((f> + g) 2 


+ rn 2 ){p 2 + m 2 ) 


(4tt)2 



dxxr[2 - d/2] 



dx r[2-d/2] 



L(x,q 2 ,m lt2 ) 



L(x,q 2 ,m lt2 ) 



d q 
2 Z 



+ J ^ / dxx 2 T[2-d/2] 

(4vr)2 Jo 

where 

L(x, q 2 ,m\ i2 ) = x (1 — x) q 2 + x m\ + (1 — x)m 2 
With the notation C = R 2 L(x, q 2 , m\p) and J2n <W = c ^ one finds: 

d d p (p + q) 2 



L(x,q 2 ,mi j2 ) 
L(x,q 2 ,m h2 ) 



(2vr) d ((p + q) 2 + ml)(p 2 + m\) 



(R 



(4tt)7 



[~ Z:^ 2 - 1 r[l - d/2] + q 2 R 2 (1 - x) 2 £ d / 2 - 2 T[2 - d/2] 
Jo L2 



1 2 Z 



(A-17) 



(A-18) 



d d p 



p A + p.i 



(2ir) d ((p + g) 2 + ml)(p 2 + ml) 



(R 



2\l-f r l 



(4vr)2 



/ dx ^ z:^ 2 - 1 r[i - d/2] + ^ 2 i? 2 x(x- 1) £ d/2 - 2 r[2-d/2] 

Jo 2 



(A-19) 



Using the identity T[s] (nCy s = / °° dtt 3 ' 1 e~ nCt one then finds eqs.©,® in the text. 
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B Series of Divergent Integrals in DR. 

• Following calculations in [21] ( see a ls° j^ftj ) , one shows that for c, a\ , a 2 > and real c\ , c 2 



Ji[ci,c 2 ,c\ = 

ni,ri2GZ 



dt 



TTC 



TTC 

+ — = In 



o t 1 "^ 2 



+ 2vr 



-nt [c+ai(ni+ci) 2 +a2(n2+C2) 2 ] 



ai 

«2 



4vraie^( Ac i) + ^(- Ac i)] - £ In 

nieZ 



1 — e 



[c+ai(ni+ci) 2 ]2+2i7rc2 



+ 



Ol 

7T 

02 



— C" 


P+i ■ 


Lai - 





C[2p+l,l + A Cl ] + C[2p+l,l-A cl ] (B-l 



q] is the Hurwitz Zeta function, ip(x) = d/dx lnTfa;]. The result only depends on the fractional 
part of Q (i = 1,2) defined by A Ci = a — [q] with < A Ci < 1 and [q] E Z. The exclusion of 
a finite set of modes/levels (such as a zero mode, etc) from the two sums in the definition of J\ 
would however bring in a dependence of J\ on c, (rather than A C J and also additional poles in e. 
With u = \faija~2 one has 

POO 

Ji[ci,c 2 ,c<l] = J2 / 7T 



ni,n 2 GZ ' 
TTC 



-e/2 



In 



-7rt [c+ai(ni+ci) 2 +a 2 ("2+C2) 2 ] 



(B-2) 



i?i(c2 — zuci|ra) 



(c 2 — mci) 77(2 w) 



In 



(c + aicf + a 2 c\)/a 2 



Above we only kept the term proportional to c/e because the limits c — * and e — » do not 
commute and neglected 0(c) terms; we used 



neZ 



n p i7rr(n+l/2) 2 (2n+l)i7rz 



T7(r) = e*^/ 12 n(l- ' 



2i7r "rrM 



(B-3) 



n>l 



for the Jacobi Theta function -d\ and Dedekind function rj, respectively. 
For the particular cases encountered in the text, eq. (|B-2|) gives 



Ji[0,0,c< 1] 



TTC 



y/ a l a 2 



TTC 



y/ a l a 2 



In 



In 



4ne 7 |^(iu)f 



0-2 



ln(7re 7 c) 



i?i(l/2 -iu/2\iu) 



rj(i u) 



TT 



+ -u, u = ^a 1 /a 2 (B-4) 



used in eq.©. 
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• A similar calculation gives that, for c, ai,a 2 > and ci,c 2 real 

^ dt 



r 

J2[C1,C 2 ,C] = V / 



ni,n2GZ ' 



TT 2 C 2 



42-6/2 



-Trt [c+ai(rti+ci) 2 +a 2 (n 2 +C2) ] 



2 3/2 



+ ■ 



7T a 



3a 



1/2 
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2A 2 1 (l+A 2 i + ^)-^ + 4(^ + A 2 1 ) 



c 
ai 



+ ^ [a 2 (c + ai(ni +ci) 2 )]2Li 2 (e- 
ni ez 



_|_ ZL Li f e -27r[(c/a2+ai(ni+ci) 2 /a 2 )2-ic2] 

2 ^z 1 7 2 v^i 



27r[(c/a2+ai(ni+ci) 2 /a 2 ) 2 -ic 2 ]j 

4-7T e "r+V>(A cl )+V>(-A 



vr 2 c 2 



In 



+ 



7rV 2 c 2 ~ r[p + l/2] 



— C" 




Lai - 





C[2p+l,l + A cl ] + C[2p+l,l- A C1 ] +c.c. (B-5) 



where "c.c" only applies to the PolyLogarithm functions Li 2 and Li3. Similar to the previous 
case, we introduced the fractional part of q defined as A Ci = q — [cj], 0< A Ci < 1 and [q] € Z. 
Eq. (|B-5l) gives: 



J2[C1,C 2 ,C < 1] 



E 

ni,n2GZ 



A 2 



t 2 " e / 2 
2 



-7rt [c+ai(ni+ci) 2 +a2(ri2+C2) 2 ] 



2 v / oTa 2 



+ 



7r 2 ai 



a 2 



^-2A 2 1 (1-A C1 ) 2 



+ 



neZ 



-27T12A 



VaT^ 51 |n + ci| Li 2 (e 2 ™ z ) + — ^ Li 3 (e - ) !- r.r. 



neZ 



(B-6) 



with c, ai , a 2 > and z = c 2 — i (ai/ a 2 ) 2 |n + ci | . We kept the term proportional to c 2 /e because 
the limits c — ► and e — ► do not commute. Ea. ()B-6|) finally gives 



J 2 [0,0,c<l] 



-7T 2 C 2 



2^aia 2 



7T a\U a 2 



45 7T 



n6Z 



Li3(e- 2 ^" |n| ) + 27rn|n|Li 2 (e- 2 ™ |n| ) 



(B-7) 



^ 2' 2' ^ 2y / aia 2 



with 



7r 2 c 2 f— 21 7n 2 a\u a 2 



360 vr 



neZ 



Li3(-e- 27ru| ^l) + 27rnn+^ Li 2 (-e 



-27T nln+i 



u = \Jai/a 2 



The two J2 in (|B-7|) were used in ea.([T0]). 
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C General evaluation of series of (divergent) loop-integrals using DR. 

When computing radiative corrections in orbifold compactifications one has to sum infinitely 
many contributions from divergent loop integrals (of 4D Feynman diagrams), of general structure 
shown in eq. (jC-l|) . Here we show a careful evaluation of this expression which generalises that 
encountered in the text eq.© with @. With minimal changes this can be applied to one-loop 
calculations in S\/{Z 2 xZj), in some S1/Z2 models at one- loop 14 [J] and also in two dimensional 
compactifications, given the presence of a double KK sum in (|C-1|) . The technique can also be 
used in cases with one (rather than two) infinite sums. The method is useful for an easy evaluation 
of the overall divergence of the final result 15 . Therefore we shall compute 

V V f d d p ap 2 +f3{p.q)+jq 2 + 5 

ik*hJ (27r)d [(<? + p)2 + < ]n [p2 + < ]m ' 

Here q is an (Euclidean) external momenta. The loop integrals are regularised in DR with d = 4— e, 
e — > 0. No additional regulator is needed for the infinite sum(s). m kl 2 are KK masses in the 
loops, and the sums are restricted to positive modes only due to (orbifold) parity constraints. 
a, /3,7 are arbitrary, dimensionless parameters while 5 has dimension of (mass) 2 . Here we take 
n, m > 1 and the most general structure for the masses of the KK states 

u 1 

m kl = — {fa + ci), m k2 = — {k 2 + c 2 ). (C-2) 

For generality we introduced u an arbitrary positive constant (dimensionless). We denote W/ Cl .fc 2 
the momentum integral in (|C-1|) . Standard integration techniques give [22] 







(5 + q 2 ^ 



x(3 + x 2 a)) T[n + m - d/2] Li~ n " m + a - T[n + m - d/2 - 1] L% 



L = x(l — x) q 2 + (1 — x) ml + x m\ 2 (C-3) 

UV divergences in 7i arise from the two Gamma functions in the square brackets above and 
possibly from the integrals over x. With d = 4 — e poles in e are present only if n + m < 3. To 
find the overall divergence of TL one must evaluate the infinite sums below, ea. (|C-4|) with s = e/2; 
e/2 — 1 to order 0(e°). To find the finite part of TL one further needs the 0(e) terms. We restrict 
the calculation to O(e ) only, to find the divergent part of TL, but the analysis is easily extended 
to find its finite part as well. From (|C-1|) . (|C-.3|) with (|C-2|) we conclude that we must evaluate 

[c + {fa + ci) 2 + a 2 {k 2 + c 2 ) 2 <Ji= u 2 (l -x), o 2 = x, c=x{l-x)q 2 R 2 (C-4) 

fci>0fe 2 >0 

Our regularisation can be used in models where series like (|C~T|l appear at two-loop only 0, eq.(4.39). 
15 See also |2(i| for a related calculation. 
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for s = e/2 and — l + e/2 at 0(e°). The evaluation of ()C-4|) is known in the context of Epstein-like 
functions. Such sums are usually evaluated for the whole set Z of integers. However, in orbifold 
constructions parity constraints require one perform the sums for positive integers only, and with 
arbitrary ci 2, which is a more difficult task. To evaluate (jC-4j) we rely on the general result for a 
one dimensional sum extensively studied in the literature [27] , and then use the result in eq. QC-4JI . 
We introduce 

£i[c;s;<ti,ci] = M n i + c i) 2 + c r S ( C " 5 ) 

ni>0 

This has the asymptotic expansion (see |27) for a proof) 



Ei[c;s;<7i,ci] 



£ 

m>0 



r[s + m] 
m! rfsl 



-(71 



C[-2m, Cl ] + 



,1/2-s 



7T 
<7l 



sr[g- 1/2] 



+ 



2ir s 
T[s] 



cos 



(27rci)<T 1 2 4 c~f + 2 ^ n* 2 K s _i 2^ni(c/cJi)^ 



m>i 



(C-6) 



where a], a / 0, —1, —2, • • • is the Hurwitz Zeta function, £[q, a] = En>o( n + a )~ 9 f° r R e (<7) > !• 
X is the usual modified Bessel function [55j . The singularities of E\ can arise for specific values 
of s, from poles of the Gamma functions in the rhs of the first line in 16 eq. (|C-6JI . Using either 
ea. (|C-6|) or (|C-7|I one can easily show that 

E x [c--e-o- l ,c 1 ] = C[0,ci] + O(e) 



Ex[c;-1 -e,a 1} a] = a x C[-2, c x \ + cC[0, ci] + 0(e) 



Ei[c; -e - 1/2;<ti,ci] 



£i[c; -e - 3/2;<7i,ci] 



c 1 



4^1 e 
3c 2 1 



+ 0(e°) 



16^/o : 1 e 



- + 0(e b 



(C-8) 



where one can further use that C[0) x ] = 1/2 — x. These results will be used shortly to evaluate 
the double sums in (|C-4|) . 

16 An alternative to using l|C-6fl is to make a simple binomial expansion of the parenthesis under the sum in 
in powers of c/<Ti < 1 and then just use the definition of Hurwitz ("-function. This easily gives: 

r[fc + s ] r 



Ei[c; s; ai, a] = a 1 s 



fc>0 



fcirr. 



— c 



C[2fc + 2s, Cl ] 



(C-7) 



The singularities of E\ given in arise now from either the Gamma functions (if s is a negative integer or zero) 

and from the usual singularity of (-function at 2k + 2s = 1, (if s is ±1/2, —3/2, —5/2, —7/2, • • •). 
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Further, ea. (|C-6|) gives, after the replacement c^c +a 2 (n 2 +c 2 ) and a summation over n 2 : 



E 2 [c;s;ai,a 2 ;c 1 ,C2] = ^ ^ 

ni>0n 2 >0 



r[ s 



<Ti(ni + ci) 2 + <r 2 (n2 + c 2 ) 2 + c 

C[-2m, ci] Ei[c/a 2 ] s + m; 1, c 2 ] 



V E^T^ + m] 



+ a. 



m>0 

7T 
(71 



^1 

^2 



5r[s-l/2] . . . . 2ir s . , - 

OT , r 1 #i c/<T 2 ; s - 1/2; 1, c 2 + ^^-r cos(2vrci ) <t 1 
2I>J T[s\ 



s_l 
2 4 



X E E n i 5 k2(n 2 + c 2 ) 2 + c] ^ +3 ^ s _l 

ni>l ri2>0 



/ 27rni 
I 172" 



[a 2 (n2 + c 2 ) 2 + c}2 (C-9) 



For an extended study of the properties of E 2 see |2*7] , 

Using now eqs. (RTsj) in (Q , one finally finds from (ETQjl with s = e/2 or s = -1 + e/2: 



^1 



E E 

ni>0ri2>0 

E E 

ni>0n 2 >0 



<7i(ni + ci) 2 +cr 2 (n 2 + c 2 ) 2 +c 



-e/2 



7T C 



4 V "!^ 



+ C[0,l+ci]C[0,l+c 2 ]+O(e) 



<Ti(ni + ci) 2 + er 2 (n2 + c 2 ) 2 + c 



l-e/2 



■|-^= + 5 ( c i + I) ( C2 + \) + 1) + ^c 2 (c 2 + 1) + 3c] +0(e) (C-10) 



which computes (|C-4j) . From (|C-l |) .(|C-2 j) . (|C-3j) . (|C-10|) we finally find the overall divergence of H 



n 



n=m=l 



E E 

fci>0fc 2 >0 

1 2 



d d p 



ap 2 + (5{p.q) + jq 2 + 5 



(27r) d [{q + p) 2 + (k 2 + c 2 ) 2 /R 2 } [p 2 + (h + Cl ) 2 n 2 /^ 2 ] 



+ 



1 2 



3i? 2 



(u 2 ( Cl - l)d + (c 2 - l)c 2 ) + (? 2 ( 7 - 0/2)1 ( Cl - 1) (c 2 - ±) 



(4vr) 2 e 



7T _ 



2 D 2 



32 u 



7T 

2^ 



(2a - 8/3 + I67) g 4 i? 2 



+ 0(6°), 



2/ 
(C-ll) 



n 



1 2 

- a 



n+m=3 



(4tt) 2 e 



7T" 



32 u 



(C-12) 



for arbitrary a, /3, 7, (5, ci, C2 and « > 0. In ()C-12|) we used that n > l,m > 1. 
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Note also a generalisation of the fermionic contribution presented in the text 



^ EE 



i i 



fci>0fc 2 >0 

1 2 



d d p 



ap 2 + (3{p.q) + jq 2 +5 



2*ki.o 2**2,0 J (2Tr) d [{q + p) 2 + (k 2 + c 2 ) 2 /R 2 } [p 2 + (Jfei + ci) 2 u 2 /R 2 } 



(47T) 



(l + u 2 + 2 (c 2 u 2 + c 2 )) + g 2 ( 7 - /3/2) 



+ 



1 2 



(47T) 



Q 

" 6R 2 

2 2 

— 5q 2 R 2 - -J- (2« 
32u * 2 9 u v 



c\c 2 



+ 16 7 ) g 4 i? 2 



+ C(e°) 



(C-13) 



which can be compared against (|U-11|) . 

In conclusion TL of (|C-11[I has divergences which are both dependent and independent of q 2 . 
The later are not all "seen" in the special cases c\ or c 2 is equal to 1/2 or or when a = 5 = 
(similar considerations apply to T of (|C-13|0 , The q 2 or g 4 -dependent divergences are associated 
with wavefunction renormalisation or higher dimension derivative operators and are absent only 
for special values of the parameters (e.g. 5 = 0, j = /3/2 and respectively 2a — 8f3 + I67 = 0). 
One can also compute the O(e ) terms in ()C-11|) following the same approach. Note that in 
some cases additional singularities in x (not in e) may appear [2Hj from O(e ) terms, from the 
integrals over x. The above results can be used in one and two dimensional compactifications 
while summing infinitely many Feynman diagrams, and provide a careful approach to computing 
their overall divergence. 

As an application to the S\j{Z 2 x Z' 2 ) orbifold, eq. ()C-ll|) with u = 1, S = 0, 7 = 1, f3 = 2, 
a = 1, ci = C2 = 1/2, R — ► R/2 gives, up to an overall sign, the contribution for bosons 
encountered in the text, eqs. ©. Similarly, Rn. ljCVHij) for u = 1, S = 0, 7 = 0, /3 = 1, a = 1, 
c\ = c 2 = 0, R — > R/2 gives the fermionic contribution in the text, eq.©. Note that for 7^ 0, 1/2 
the sums in 7i, T over positive integers cannot be written in terms of sums over the whole set Z, 
as done in the text for their counterparts in eqs.©, © with Cj = 0, 1/2. In such case the results 
in Appendix El (with Appendix EJ) which evaluate the corresponding sums over the whole set Z 
cannot be used anymore and one has to apply instead the results of this section. 
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